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Abstract —The design of two-channel quadrature
mirror filter banks can be constructed by using IR all-
pass filter in the least-squares sense without causing
magnitude distortions. The complex nonlinear phase
optimization problem is first converted into solve a
system of linear equations. Then, the associated matrices
involved in the set of linear equations can be further
formulated as a Toeplitz-plus-Hankel form such that a
matrix inversion is avoided. Simulation results confirm
that the proposed method achieves good performance as
well as with effectiveness.*

I. INTRODUCTION

Quadrature mirror filter (QMF) banks have been received
much attention due to the effectiveness and applications in

multirate signal processing [1]-[3] over the past two decades.

The designs of two-channel QMF banks using conventional
FIR or IIR structures for the prototype low-pass analysis
filter usually result both magnitude and phase distortions.
Recently in the literatures [4]-[7], the two-channel perfect
reconstruction QMF banks can be successfully constructed
using IR all-pass digital filters.

It has been shown in [4][6][7] that the parallel
combination of two IIR all-pass filters can be developed to
simultaneously meet both the magnitude and phase
specifications without causing distortions. The main
advantage based on IIR all-pass lies in the design problem
can be focused on the phase approximation without resulting
magnitude distortion [6][7]. In [7], the design problem is
approximately formulated as to find the real coefficients of
the IIR digital all-pass filter from a linear subspace related
phase objective function. Using a variant of Karmarkar’s
algorithm, the optimization problem can be solved
efficiently.

There are several approaches proposed for the design of
IR all-pass filter [6]-[10]. In this work, the QMF banks
optimization based on IIR all-pass filter is first simplified as
a linear phase optimization. Then the optimal IIR all-pass
filter coefficients can be formulated by solving a system of
linear equations comprising a Toeplitz-plus-Hankel matrix.
Consequently, the solution of such a system of linear
equations can be solved using Cholesky or Levinson
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decomposition technique [12], [13] that requires only
O(Nz) complexity [11]. It is computationally efficient as
compared to solve the system of linear equations by directly
computing a matrix inversion which involves O(Na)

complexity. On the other hand, matrix inversion
computation may cause numerical problems when the filter
order is large. Therefore, the method proposed by Kidambi
[8][11] is not only efficient but also robust. In this paper, we
exploited the efficient method to the design of two-channel
QMF bank based on IIR all-pass filters.

Il. PROBLEM FORMULATION

The two-channel IIR all-pass based QMF bank is shown
in Fig. 1. The analysis low-pass filter Ho(z) and high-pass
filter H,(z) of the QMF bank are composed of a parallel
combination of two IIR all-pass filters shown below [6] [7]:

Ho(z):%[ﬁb(zz)+ z‘lAi(zz)] (1)
H.@)=3 A2 AR @

where Ao(zz) and Al(zz) are two real 1IR all-pass filters.
The synthesis filters Fy(z) and F,(z) should satisfy the
relations F,(z)=H,(z) and F,(z)=-H,(z), respectively,
such that the aliasing errors can be completely eliminated.
Consequently, the perfect reconstruction QMF bank

becomes a linear and shift-invariant system with transfer
function shown as:

1 __
M(2)=2 2 A" A 2?). ©)
Therefore, the main concern lies in determining the

coefficients of the IR all-pass filters Ao(zz) and Al(zz)

such that the phase response Arg{M (ej‘”)} approximates to
the desired phase response.
The frequency responses of IIR all-pass filters Ao(zz)

and Al(zz) are expressed as [6][7]
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where i=0,1. The design phase response 6,(w),i=0,1, is
concluded as

0,(0)=-2N; 0-2¢,(0),
iai (n)sin(2nw) ©)
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where a,(0)=1, i=0,1 . Consequently, the frequency

responses of the analysis filters can be easily obtained as
(G0, (0)0

Ho(ej(”):ej( 2 ]003(6’0(0))

—91(0))+(()
f) (6)
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Hl(ejw): jej[ 2 ] sin(—gO(w)_zl(a))erj. ©)

To ensure that Hy(z) and H,(z) are linear-phase low-

pass and high-pass filters, respectively, the phase response
6,(),i=0,1 should be chosen properly. The following

conditions: N, =N,+1, 6 =-2N, @+ ®/2 in passhand
region and 6, = 2N, @+ (w/2—7z/2) in stopband region
which are suggested [7]. The overall frequency response of
the QMF bank magnitude becomes

. 1 1 1
M ejw :_ej[ {u+€o({u)+01((u)] e 1(2N0+2N1+1)wl 8
£)=3 : ®
Clearly, the resulting QMF bank is a linear-phase
response with group delay g, =2N, +2N, +1 and does not

incur magnitude distortion.

I1Hl. QMF DESIGN USING IR ALL-PASS FILTERS

In literature [8], an efficient iterative approach is proposed
to design an IR all-pass filter that has a least-squares or an
equiripple phase error response. The method is based on
formulating a weighted error reflecting the difference
between the desired phase 6, ;(w) and the phase response

of the design IIR all-pass filters shown in (9). Obviously, the
phase error function involves in a nonlinear optimization
problem with complex procedures. Assume that the design
phase 6,(w) is extremely close to the desired phase 6, (@),

Kidambi [8] reformulated (5) as (10), where
pai(@)=(0,(@)+2N, 0)/2,i=0,1,a,, ¢,(») and s,(o)

Ho(2)
D e EEE RO >
x(n) 1/2
" A) e
21
Y2
oA Y2 |,
€ e >
H,(2)
(a) analysis system
4————-----——————-----—-—————FO(Z-)——I
1/2 . ;
— 45 Ai(Z) E
v E
7t E
v
2 ] A0 |y
—» : "o
€ » %)

(b) synthesis system

Fig. 1 Two-channel IR all-pass based QMF bank.
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n=

Sin[pd,i (w)J aj's, (a))

= 10
cos|py (@) 1+alc;(w) (10)

are the vector representations defined below:
q = [ai(l)’ai (2)""lai(Ni)]T ) (11)

¢;(w)=[cos(2w),cos(4 @), ---,cos(2N, ®)] ", (12)
s,(w)=[sin(2®),sin(4 ®),--,sin(2N, w)|" . (13)

As a result, the objective function can be simplified as

E = i{a} s, (@ )+sin[py  (e,)] }2,i ~0,1. (14)

1=1



An Efficient Least-Squares Design of Two-Channel Quadrature Mirror Filters Using IIR All-Pass Filters

where s, ()= Sinlpd,i (e )Jci (@)~ Coslpd,i(wl )Jsi (@)
and L; is the frequency sampling points. By differentiating

the  objective  function with  filter  coefficients,
dE,/0a;(n)=0, for n=1,2,---,N;,i=0,1, a system of

linear equations given by Q,a, =d;, i=0,1 is easily
obtained, where
I‘I
Qi =Zsl,i(a’|)'sli(wl)’ (15)
1=1
L‘ -
d; :_Zsm[pd,i(a)l )] Sl,i(a)l)' (16)
1=1

Since Q; is a real, symmetric and positive-definite matrix, a

unique solution is guaranteed. Kidambi [8] [11] further
expanded the matrix Q, into a sum of a symmetric Toeplitz

matrix and a Hankel matrix shown below:

Qi(u’ V)= ism[pd,i(a)l)_zu wl]'Sin[pd‘i(a)I)_ 2Va),]

1=1

- %{,Z: cos2(u—v)ao, — ZCOS[Z (U+v)e, —2p,, (0 )]}

=T,(u,v)+H,(u,v), i=01.

(17
Consequently, the system of linear equations can be written
as (T,+H;)a=d;, i=01 . An iterative and
computationally efficient algorithm involves O(NZ)
complexity can be used to obtain the optimal filter
coefficients. For a N; x N; Toeplitz matrix, there are only
N, different elements required to be computed, that is,
T,(Lv), 1<Vv<N,. On the other hand, the Hankel matrix is
not only dependent on cosine function but also dependent on
the desired phase response. Considering for the phase
response shown in Section 2 is designed, then
pyil@)=tw/4,i=0,1 in passband and
pyil@)=tw/4F z/4,i=0,1in stopband. As a result, the
Hankel matrix can be rewritten as (18), where L ; and L;
are the number of frequency sampling points in passband
and stopband, respectively. Therefore, only the elements
H,(Lv) and H,(N;,v), 1<v<N,, at the first row and last

row, respectively, required to be computed. The solution of
such a system of equations can be solved using Cholesky or
Levinson decomposition technique that requires only

O(N?) complexity [11]-[13].

IVV. SIMULATION RESULTS
In this section, a MATLAB software package is used to

H,(u,v)= —%{2005[(2@ +V)FY2)w, |+
} (18)

Ecos[(Z(U +V)F1/2)o, iﬂ/Z]},

design two-channel QMF bank based on IIR all-pass filter
having the same specifications as that of [7] for evaluating
the performance of the proposed technique. The simulations
are evaluated on the IBM PC with Intel Core 2 Duo
3.16GHz and 2.09GHz CPU with 1GB RAM. The design
performance is evaluated in terms of peak stopband ripple
(PSR) of low-pass analysis filter Ho(ej“”) , maximal
variation of phase response (MVPR) and maximal variation
of group delay (MVGR) in M (e"“4 ) and maximal variation

of QMF bank response (MVFBR), which are defined as
follows:

PSR = 20|og10( max H,le!® ))

o €log, T

(19)

MVPR = max |ArgM (e )i+ (2N, + 2N, + )| (20)

MVGD = max GDM(e/ )f- (2N, PN 41 ()
wel0, 7

MVFBR = m[gx] [20|0910 M (em )_%e—j(2N0+zN1+1)m J (22)
€0, 7

where Arg(e) represents the designed phase and GD(e)
represents the group delay response.
Example: Two real IIR all-pass filters Ab(zz) and Al(zz)
with orders N, =3 and N, =2, low-pass analysis filter
Ho(z) with passband edge frequency @, =0.4z and
stopband edge frequency w,=0.67 are designed. The
frequency sampling points is set L, =8(N,+1) . The
resulting magnitude responses of low-pass and high-pass
analysis filters are shown in Fig.2. Figure 3 shows the phase
error responses compared with Lawson’s method [6] and
Lee’s method [7]. Evidently, the designed phase error
response is smaller than those of methods [6] and [7] in
most of the frequency band. The overall QMF bank
magnitude error responses are also compared in Fig. 4. As
seen from this figure, the proposed method achieves better
performance compared with Lawson’s method [6] and Lee’s
method [7], except two lobe bands. The design performance
comparison with methods of [6] and [7] are illustrated in
Table 1. It is clear that the design MVPR, MVGR and
MVFBR values are superior to those of methods [6] and [7];
however, the PSR value is slightly larder than [6] and [7].
Simulation results indicate that the proposed method
provides better performance than the techniques [6] and [7],
except the PSR value. Additionally, by using some
trigonometric properties, the system of linear equation
associated matrix can be further formulated as a Toeplitz-
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TABLEI
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DESIGN PERFORMANCE COMPARISON

Proposed Lawson [6] Lee and Yang [7]
PSR(dB) -16.6959 -18.05 -19.97
MVPR((rad) 0.2023 0.3031 0.2060
MVGR 1.3873 2.1613 1.4980
MVFBR(dB) -19.9138 -16.42 -19.76
Proposed
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Fig. 2 Magnitude responses of low-pass analysis filter.

plus-Hankel matrix. Therefore, the optimal filter coefficients
can be solved efficiently without computing a matrix
inversion. Therefore, we concluded that the proposed
technigue not only achieves good performance but also with
effectiveness.

V. CONCLUSION

This paper exploited the trigonometric properties to the

design of two-channel quadrature mirror filter banks based

on

IIR all-pass filters. The all-pass filter design can be

formulated as a system of linear equations solving problem.
Using trigonometric properties, the linear system associated
matrix can be formulated as a Toeplitz-plus-Hankel matrix
expression such that the optimal filter coefficients can be
designed efficiently without solving matrix inversion.
Computer simulations have shown the proposed method
achieves good performance and with effectiveness.
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