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Aesract—We selected a sixth grade student to participate in
this study. Prior to remedial instruction, the subject did not
understand the concept of proportionality and used ratio
formulas excessively to solve problems without any meaning on it.
In addition, he could not employ multiple representations to
explain his solutions. Using an electronic whiteboard and
Geometer’s Sketchpad (GSP) to design the dynamic multiple
representations for proportional scenarios in remedial instruction
induced the subject has better understanding of proportions as
well as a better grasp of the linear relationship between two
variables. In the final test, the subject was able to use multiple
representations to solve problems and check his calculations,
therefore increasing problem solving accuracy.
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1. INTRODUCTION

Proportionality problems are extensively applied in daily
life and furthermore in science and technology. Learning
concepts of  proportionality is essential. Common
proportionality problems include density, concentration, speed,
and scale. The acquisition of concepts of ratio and
proportionality are also an important benchmark in junior
mathematics and serve as foundation to higher mathematics
(calculus, trigonometry) [1]. Thus the importance of
proportionality in the elementary school curriculum can be
clearly seen. Instruction of proportionality, however teachers
have often overemphasized pure numerical calculation and that
the product of the extremes equals that of the means. This
results in students solving problems mechanically. When the
students encounter problems in the application of
proportionality, they have difficulty solving them due to
represent the variations and relations of the quantities.
Deficiencies in present day education on proportionality come
from the lack of teaching on visualization and real thematic
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scenarios; a graphical approach is often neglected in numerical
approaches. In solving the part-whole problems, with the help of
instruction of visual representation, students can both understand the
problems and the process of solving the problems. The students are
able to find not only the cues of solving problems but also the parts
and whole relationship[2]. Comprehension based on actual
experience or actual practice is beneficial to problem solving
when students are taught proportionality problems in intensive
quantities [3]. However, while previous studies have been
conducted on hierarchical models and problem-solving
strategies; few studies drawn attention to students’ common
daily life experience. Ratio sense can only be enhanced by
practicing numerous types of problems or through the
students own experiences. Nevertheless, measuring or
experiencing proportionality poses a challenge for traditional
teaching approaches with the static curriculum; how to employ
more precise teaching of intensive quantity problems, such as
speed or concentration, in the classroom is also an art in itself.
Expressing the abstract concepts and variables in proportions
is also the bottleneck for many students. Young children
cognitive development on variation of variable and using the
variable to express the proportional relationship is still
insufficient. This leads to the negative attitude of many
students when facing proportionality. How can teachers
intrigue their students into learning with proportionality
reasoning? How can proportionality be more specifically
represented to students? These are issues that demand
immediate attention.

Teaching proportionality involves helping student to find
the relationships of variables and designing the scenarios;
computer-aided methods can be advantageous in this aspect
[4]. Geometer’s Sketchpad (GSP) provides precise compass
and straightedge constructions. The changes of the two
variables (two sets of terms) can be casily observed with the
control of the action buttons, and the required covariance
process is achieved by operation of the dynamic graphics.
Simultancously, GSP provides tables and coordinate graphs,
which are useful external representation tools in teaching
proportionality. Using an electronic whiteboard to handle
proportionality problems gives users freedom in operation and
makes the simulations more realistic. Students can freely
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manipulate the objects and feel like they are actually touching
them, increasing the interactive learning experience. Many
approaches can be employed in the representation of ratios and
proportions, such as figures, tables, coordination graphs,
figures, text, and symbols. If GSP can supply a complete
dynamic visual environment for students to observe, control
external representations, and connect with the representations,
proportions will have more meaning to the students;
conceptualizing abstract proportions will become effortless for
them. Therefore the subject of this study used an electronic
whiteboard and with the proportionality teaching materials
designed by GSP, he operated the dynamic visuals activities.
The visual connections with the multiple representations
assisted the subject to visualize the abstract covariance
concepts. Initial investigation of the subject in this
environment revealed the reasons for incorrect solutions in the
past, achieved minor development in representation abilities,
as well as providing comprehension of issues beneficial to the
subject’s learning and the subject’s responses.

II. LITERATURE REVIEW

2.1 Research Related to Proportionality Problems

[5] deemed that ratio and proportion concepts comprised
three mathematical factors:

1. Relative and absolute change: A ratio is the relative
magnitude of one numerical value to another, and
“relative” is the most crucial element of this concept.

2. Ratio sense: Ratio sense is the perception of
proportionality, in that children can distinguish what
situations contain proportionality and can be expressed
with an appropriate ratio. Ratio sense is the basis of
solving proportionality problems, but this concept has
not been included in past curriculum.

3. Covariance and invariance: The quantitics that form a
ratio are covariant (change together) under identical
circumstances, but the relationship between them is
invariant. However, even if a student writes down a
serics of ecquivalent ratios for a given ratio,
understanding the invariant relationship between the
terms is still difficult for them.

Additionally, three factors influence the ability of students to

solve proportion problems:

1. Student characteristics: [6] pointed out that the
characteristics of students determine the strategies they
choose for problem solving; students with different
characteristics will exhibit different performance in solving
proportionality problems.

2. Numerical characteristics: Students are more skilled at
proportionality problems with integral ratios and possess
weaker ratio sense for non-integral ones [7]. The difficulty
of proportionality problems also increases with the
magnitude of the numerical values; solutions become more
complicated and answers are difficult to obtain [8].

3. Problem content: When students are solving problems,
problems with different context (semantics) affect the
problem cognition and adopted solutions of students [6]. An

integration of domestic and overseas classification methods
[6]-[7] categorized proportionality problems into five types:

(1) Exchange: where two units of objects have the same
value due to a certain reason and can be interchanged.

(2) Associated Sets: where two quantities have no apparent
association until the problem specifies that they are
proportional.

(3) Part-Part-Whole: where a set (whole) is comprised of
two or more subsets (part) and the set and subset, or
whole and part, are proportional.

(4) Well-chunked measures: where an intensive quantity,
which is already known, is newly created from the
proportional relationship of two extensive quantities,
for example, density and speed.

(5) Stretchers and Shrinkers: where two quantities have a
certain ratio, and onc will increase or decrease with
the other.

[6] discovered that in the latter two categories, students
could not create concrete representation of the solutions with
graphs or other approaches, and therefore many used lower
level strategies to solve problems.

2.2 Research Related to Multiple Representation

[9] defined representation as “the external and therefore
observable embodiments of students’ internal
conceptualizations” and  divided representations into
experience-based “scripts”, manipulatable models, pictures or
diagrams, spoken languages, and written symbols. Multiple
representations are the expressions of the same conceptual
structure with multiple types of representations [10]. However,
textbook teaching nowadays often only provides students with
single representations for math concepts; when translated to
multiple representations, students often have issues[11].

This study adopted the cognitive schema theory proposed
by [12] to arrange the levels of multiple representations of
proportionality. She inferred that in the process of conception,
operational concepts are conceived before structural concepts,
though structural concepts are at a higher level than
operational concepts. Converting computational operations to
abstract objects is accomplished in three stages: (a)
interiorization: in this stage, the learner gets acquainted with
the process by object operation and induces new concepts or
mental images; (b) condensation: in this phase, complex
operations become a whole, and the learner no longer
considers the procedures; (¢) reification: this stage can be
regarded as the transfer of the concept so that the learner can
immediately view a familiar object from a whole new point of
view.

III. TECHNICAL WORK PREPARATION

3.1 Study Design

To better understand the learning progress of the subject as
regards proportionality concepts and representation ability
through use of computer-aided dynamic teaching materials, we
needed first to understand the learning status and attitude of
the subject prior to case study. The purposes of the teaching
materials in this study were to improve connectivity between
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the mathematical clements and graphs of proportions and
written symbol representations as well as assist the subject in
correct grasp of concepts of proportionality. A sixth grader was
selected for pretest and received five lessons on
proportionality. The lessons were designed according to the
problem types that the student answered incorrectly on the
pretest, each with a different proportionality scenario. After the
instruction experiment, a post-test was conducted to
investigate changes in the subject’s concepts of proportionality
and representation ability after engaging in learning with the
computer-aided dynamic teaching materials.

3.2 Study Subject

1. Expressing the Mathematical Elements of Proportions

(1) Relativity and absoluteness: The subject focused more
on the absoluteness of two quantities and had no concept
of relativity.

(2) Ratio sense: The subject could classify proportions such
as exchange, well-chunked measures, and stretchers and
shrinkers, but not completely.

(3) Invariance and covariance: The subject grasped the
concept of covariance in two quantities and a sense of
invariance, but could not fully describe it.

2. Presenting Multiple Representations of Proportions

(1) Graphs: The subject could draw a graph after deriving
the numerical values, but could not solve proportionality
problems directly from a graph or explain the
relationship of proportionality. The subject was at the
interiorization stage of this representation.

(2) Tables: The subject was familiar with this method of
representation, but the steps he used were too
complicated. Thus the subject was still at the
interiorization stage of this representation.

(3) Proportion (symbol): The subject displayed considerable
use of the equivalence of the extreme and mean products,
but did not know the reason for the equivalence.
However, with regard to the multiples of proportions,
the subject was at the condensation stage.

(4) Direct proportionality graph: This term was unfamiliar
to the subject; therefore the subject was not at the
interiorization stage yet.

(5) Semantics: The subject could only explain some of the
representations of proportionality, and so the subject was
not at the interiorization stage of this representation.

The subject showed extensive ability to use written
proportions for representation as a problem-solving strategy;
he could not fully explain scenarios and lacked concepts of
proportionality or direct proportionality graphs. This study
hoped to increase the number of skills and representations that
the subject could easily use after understanding ratio formulas
with the assistance of the GSP scenarios.

3.3 Program Design

1. Principles of Program Design

The greatest advantage of employing GSP for design is the
dynamic connections between text and the other
representations. The mathematical elements of proportions are
blended into the scenarios and the abstract text problems can

be swiftly displayed on the screen in a dynamic form.
Simultancously, GSP gives immediate feedback on the
answers; changing the numerical values immediately renews
the graphs and tables, from which students can generate
stronger connection with the representations and further
develop more problem-solving strategies. The features of the
dynamic computer-aided teaching materials in this study are

shown below:

Table 1
Explanation of Proportional Mathematical Elements in a Computer
Environment

Mathematical Program Design
Elements of
Proportions

Five examples of proportionality were
Enhancing | designed to enhance the subject’s ratio
ratio sense | sense and cognition of multiplying and

dividing scenarios.

An interactive example was designed in

Focusingon | which the subject could adjust the

use of numerical values and graphs and easily

relativity observe the relativity of two proportional
quantities.

. An adjustable object graph was designed to

Emphgsmng allow the subject to discover the covariance
covariance . .

and and invariance of the numerals from the

. . multiples in the table and the problem-

invariance

solving process.

Table 2

Design of Multiple Representations in a Computer Environment

Type of
Representation

Proportional
Multiple
Representation

Program Design

Written
symbols

Problem scenario and

Text handling steps

Graphs or
Tables

Generation of text-graph
connection from changes in
numerical values and

graphs.

Graph scenario

Can be freely manipulated
and the numbers changed.
Ratio concept can be
understood from the
numerical models.

Tables

Graphs of direct
proportionality can be
drawn to understand how
they are produced and to
observe the corresponding
relationship between
numerical values and

graphs.

Graph of
Direct
Proportionality

Concrete
manipulation

Graphs and numerical
values can be manipulated
by buttons.
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Proportional
Scenario

Exchange Scenario

Teaching
Material
Diagram

User can infuse alO un1t 011 each time by clicking the
button. The oil quantities in tank are linked with the paid
money. The data are collected automatically as a two-

Illations of

Steps column table and a coordinate graph. User can paid their
attention to the proportional activity without any action of
measuring and drawing.
Proport19nal Well-chunked Measures Scenario
Scenario ] ]
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Teaching
Material
Diagram
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Proportional Associated Sets Scenario
Scenario

E llilﬁ‘*“'wllt qEAhE G AR A SRR R AN SR
tl?l&iﬂllntxﬂ CERS L TR LR T LT N
SO T R SRR N B N e Y

Cﬂ}lAﬂTlﬂ‘(ﬁ‘.‘ ERRE L LT LT R L
R EEL N

s | HOO 00

L

Material m m W
Diagram |
208 Bl 2 1 ma/:i. — g
W.:WIKI 'nn» (RTTY T
Y Ty z»;-m&

T

Illations of To click the buttons for changlng the sets of cups, the
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2. Diagrams of Dynamic Computer-Aided Teaching Materials

Table 3

Diagrams of Proportional Mathematical Elements in a Computer
Environment: Enhancing Ratio Sense (Diagrams of Five Proportional

Scenario Examples)

Proportl(_)nal Stretchers and Shrinkers Scenario
Scenario
Teaching ’
Material e - Y T
Diagram ) ;

Illations of

T,

Drag the pomts on the left of triangle would cause the

Steps triangle on the right change. The user can tabulate the
P crucial values and find the rate of change.
Proportional Part-part-whole Scenario
Scenario
: Il 0
. DR E R LG A B YA
5 Bkl B AR Ak B8 A
" 108 7 A :
LS & E PR i
) (e A A
Teaching - endaw |
Material )
Diagram

Illations of
Steps

To click the button for changing the numbers of person
icons and then observed the variation on table and its
coordinate graph.
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Table 4
Connection of multi- representations

Representatio
n Connection

Connection Between Graphs, Text, and Table Numerals

B

TR an-r i

Sy -
R e s T M T TS e

AT F Tl P

Teaching w} = E: B

Material w by i

Diagram B

s
G iy AR ot N p 2w S

Re- Connection Text, Table Numerals, Proportional
presentations Expressions, and Proportional Graphs
Connection

Teaching

Material

Diagram [ErEim e |

IV. RESULT ANALYSIS AND DISCUSSION

4.1 Subject Worksheet Records During Instruction

During the instruction, the subject discovered the
relationship between scenarios of proportionality, numerals,
and graphs and generalized a conclusion by manipulating the
graphs, changing the numerals, and observing the changes.

42The Subject Difficulties in Solving the Proportional
problems

(1). The subject employ the product of the extremes equals
that of the means strategy excessively. He often misplace the
values just according to the surface appearance on the
problem. He cannot even find out the mistakes.

(2). He has seldom experience on the variation of values and
cannot explain the proportionality graphically.

(3). He cannot solve the unknown value is not integer in ratio
problems. While the problems occurrence are unfamiliar to
him, he can only exhaust all the numbers instead of using the
proportional reasoning to pursuit the solution.

4.3 Circumstances and Analysis of the Subject’s Answers
Pretest and Post-test

1. Expressing the Mathematical Elements of Proportions

(1) Relativity and Absoluteness

Problem: Chiyo and Wei are measuring shadows on the school

playground in the afternoon. Chiyo’s height is 150 cm and her

shadow is 90 cm long. If Wei is 160 cm tall, how long is her
shadow?

(Posttest)

T: Problem 5 of Task 4. If Chiyo used to be 150 cm tall and is
now 160 cm, and Wei used to be 140 cm tall and is now
150 cm, whose height increased more?

S: The same!

T: Then who grew faster?

S: First calculate how many centimeters they grew, then

divide them by time and you get how fast they grew.

Analysis: After instruction, the subject was still more
focused on absoluteness than on relativity. However, he now
had an initial concept of relativity and did not emphasize the
relationship between the two quantities. The post-test
interview shows that the subject compared the growth rates by
using time as well as height.

(2) Ratio Sense

(Posttest)

T: Which problems do you think are not proportionality
problems in this test paper?

S: All of them are.

T: What kinds of things in life do you think are proportionality
problems?

S: Making things bigger or smaller, putting two different
things together... and problems that give you the whole
and want you to find the part...do concentration and
speed count?

: Anything else that is a proportionality problem?

: Like gas price problems, how much a liter is, and how
many liters a dollar can buy...no more (shakes his
head).

T: Why do you think concentration and speed count?

S: Because they are both specific values of ratios.

Analysis: The subject concluded more types of
proportionality problems and placed more importance on
multiples in proportionality problems. He acknowledged the
following proportionality problems: exchange problems, well-
chunked measure problems such as concentration and speed,
and stretcher and shrinker problems. Therefore, the subject’s
ratio sense has improved immensely.

w -

(3) Invariance and Covariance
Problem: The amount of food the pythons at the zoo get every
day is determined by their length. Python A is 25 meters long
and gets 10 eggs every day. If Python B is 15 meters long, how
many eggs does it get?
(Posttest)
T: Number 8 of Task 4. Use a table to check your calculations.
Can you explain what changes together and what doesn’t?
S: The specific value doesn’t change.
T: What changes at the same time?
S: The original ratio changes together.

Analysis: In the pretest the subject was very familiar with
the concept of covariance in proportions. In the instruction, the
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subject gained further comprchension of invariance and
covariance through table representation.

2. Presenting Multiple Representations of Proportions
(1)Problem-Solving Approach : Graph Method
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Figure 1 Graph Method on Pretest aﬁa Posttest
He cannot solve the proportionality problem

Analysis -

graphically in the pretest. With the help of dynamic computer
design, the subject can represent the proportionality problem
graphically and then solve the problem. After the instruction,
the subject improved considerably in graph representation,
achieving the condensation stage and being able to explain
with illustrated graphs.

(2)Problem-Solving Approach : Table Method

Figure 2 Table Method on Pretest and Posttest

Analysis - The subject exhausted all the numbers instead of
using the proportional reasoning to find the solution. With the
help of the dynamic computer design, the subject can really
generate the proportionality and then find the right solution.
The subject advanced to the condensation stage in this
representation after instruction.

(3)Problem-Solv1ng Approach : Proportlon Method
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Figure 3 Proportion Method on Pretest and Posttest
Analysis : After instruction the subject no longer used the
equivalence of extreme and mean products to solve problems;
he instead used the multiples in proportions to explain and thus
advanced to the condensation stage.

(4)Problem-Solving Approach : Direct Proportionality Graph
Method
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Figure 4 Direct Proportionality Graph Method on Pretest and Posttest

Analysis : The subject cannot draw a coordinate graph at the
previous test. After the instruction, he can draw the graph. He
represented the ratio relationship as a linear graph and solve
the problem graphically. The subject employed correct
application of direct proportionality graphs and could explain
as well as solve problems. However, not every problem was
answered correctly and so the subject was only in the
interiorization stage.

represent

—_——

successfully
translate

Proportion
Symbol)

Directly

partially
translate
Before

Text
Represent

_

successfully
translate

Directly

partially
translate

After
Figure 5 Subject Translation Approaches Before and After Instruction
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Table 5
Comparison of Subject Methods in Obtaining Unknown Numbers in
Proportional Scenarios Before and After Instruction

Problem Exchanges Associated Part-part- Well-chunked Snﬁcélﬂs ‘
Scenarios ) ger Setse wholeo Measurese an
Shrinkers-
Teste Pree Pos Pres Pos Pres Poste Pres Pos Pre. Pos |
e te e e
G | A O] o] O] A O] X O] o O
Graph
Methode
Twe | Ao On] 2] O] A O] A O] A O)
Method«
Ratio O Oo) o) O] e | O e | O] 0| Oy
Formula
Method«
b | X.| O] X | O] X | O] X | O] X.|] O]
Proporti
onality
Graph
Methods

[T L

Representation Ability: “O” = reification stage; “O
condensation stage; “/\” = interiorization stage; “X” = lack of
concept

V.CONCLUSION AND RECOMMENDATIONS

1. Progress of Concepts of Proportionality

(1) Relativity: The subject still made a point of using
absoluteness more but was also starting to use relativity.

(2) Ratio sense: The subject’s ratio sense improved; he
could confirm what scenarios were proportional and classify
them.

(3) Invariance and covariance: From presentation of tables,
the subject learned which quantities were covariant or
invariant in ratio relationships and could apply them to
proportions.

(4) Problem-solving strategies: The subject could use
multiple representations to solve problems as well as employ
them in explaining the relationships in ratios.

2. Change in Representation Abilities

(1) Graph method: Using a computer, the subject could
accurately draw the graph of a proportional scenario.

(2) Table method: The subject could simplify a table and
explain the proportional relationships in it.

(3) Ratio formula method: The subject could correctly
solve a problem using proportions and explain the proportional
relationships in it.

(4) Direct proportionality graph method: The subject
could draw a correct direct proportionality graph and use it to
explain the semantics.

(5) The instruction on proportionality was especially
beneficial to the subject’s comprehension and analysis in the
graph method, table method, ratio formula method, and direct
proportionality graph method.

3. Recommendations for Further Study: This study only
conducted computer remedial instruction on direct proportions
and derived satisfactory results. Whether instruction aided by
an electronic whiteboard can be applied to other mathematical
units to enhance learning efficiency requires further research.
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