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ABsRAcT- IN MANY FUZZV DECISION PROBLEMIS, RANKING FUZIZY
NUMBERS IS AN IMPORIANT PROCEDURE. BECAUSE OF THE
IMPERFECTION AND FUZZINESS OF THINKING, WE NEED A METHOD TO
COMPARE FUZZY NUMBERS. SO FAR, A GREAT DEAL OF RESEARCH HAS
BEEN OBTAINED. SOME OF THEM USE THE CENTROID POINT OF FUZZY
NUMBERS AS AN INDEX TO RANK THE Fuzzv NumBERs. Havine
REVIEWED THE PREVIOUS RESEARCHES, WE FOUND THAT ALMOST EACH OF
THEM TRIED TO USE A FORMIULA TO RANK THE FUZZY NUMBERS. HOWE\IER,
MOST OF THEMI HARDLY CAN RANK WITH INTUITION CONSISTENTLY IN ALL
CASES. THEREFORE, A NEW METHOD OF RANKING FUZZY NUMBERS IS
PROPOSED AND COMIPENSATES FOR THESE SHORTCOMINGS. |T USES THREE
INDICES TO DIFFERENTIATE BETWEEN FUZZY NUMBERS. [HE
REPRESENTATION LOCATION OF FUZZY NUMBER A Is A TOP PRIORITY. THE
PLACE THAT THE LARGEST MIEMBERSHIP FUNCTION GRADE HAPPENED IS

THE SECOND . AND THEN IS SA WHICH MEANS THE REMAINDER AREA
IS THE LAST. FINAI.I.Y, EFFICIENCY AND SUPERIORITY OF THE PROPOSED
METHOD ARE ILUSTRATED BY SOME NUMERICAL EXAMPLES.

1. INTRODUCTION

In many fuzzy decision problems, ranking fuzzy
numbers is an important procedure. Because of the
imperfection and fuzziness of thinking, we need a method
to compare fuzzy numbers.

So far, a great deal of research has been obtained. Some
of them use the centroid point of fuzzy numbers as an
index to rank the fuzzy numbers. Having reviewed the
previous researches, we found that almost each of them
tried to use a formula to rank the fuzzy numbers. However,
most of them hardly can rank with intuition consistently in
all cases.

In 1998, Cheng [2] gave a method to rank fuzzy
numbers based on the distance between the centroid and
the original point. Chu and Tsao [4] improved by
proposing another method based on the area between the
centroid point and original point. Xu and Wei [12]
reformed the method given by Cheng [2] and Chu and Tsao
[4]. But it is still unsolved. Wang and Liu [10] considered
the relative importance of the centroid, and the relative
dominance and priority weight, and then proposed a new
way of ranking. However, the procedure of ranking is
complicated and time-consuming.

Therefore, a new method of ranking fuzzy numbers is
proposed and compensates for these shortcomings. Finally,
efficiency and superiority of the proposed method are
illustrated by some numerical examples.

" *Corresponding author: shich@mail.nutn.edu.tw
DOI : 10.6159/1JSE.2013.(3-3).04

II. PRELIMINARIES

Let U be a classical set of objects, called the universe,
whose generic elements are denoted by x.

Definition 1.1.

Let U be a universe set. A fuzzy set A of U is defined
1y () —> [0, 11,
where /1, (x) ., Vxe U, indicates the degree of x in A.

by a membership function

Definition 1.2.
A fuzzy subset A of U is normal if and only if

Super IUA(X) = 1
Definition 1.3.

A fuzzy subset A of U is convex if and only if
faa (Ao (1= A)y) 2 min(u, (%), 45(y)). VxyeU, Ael0; 1]
Definition 1.4.

A fuzzy set A is a fuzzy number if and only if A is
normal and convex on U.

In this work, we consider the fuzzy numbers that have
continuous membership functions.

Lemma 1.1[1].

The membership function My of a fuzzy number A is
defined by

Hi (%),
b<x<c D

>

Hy(x)= R
IUA(X):

0

c<x<d

otherwise

where u,usr are two monotonic and continuous
mapping from R to the closed interval [0, 1] .
Definition 1.5.
A triangular fuzzy number A is a fuzzy number with a
membership function g/, defined by
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, a<x<b
b—-a
Ha(x)= c—x’ b<x<c
c—b
0, otherwise

A triangular fuzzy number A can be denoted
as(a,b,c) (seeFig. 1.1).

[

Fig.1.1

Definition 1.6.
A triangular fuzzy number — A is a fuzzy number

with a membership function f/_, (see Fig. 1.2) defined
by

x+a
, —b<x<-a
b—a
c+x
Mo (%)= , —c<x<-b
c—b
0, otherwise.

Definition 1.7.
A trapezoidal fuzzy number A is a fuzzy number with a
membership function f£, defined by

A trapezoidal fuzzy number A can be denoted

as (a,b, c,d) (see Fig. 1.3).

A

Fig.1.3

Definition 1.8.
Given a fuzzy set A and any number & € [0, 1], the
O —cut @A isthe crispset “A= {X‘,UA(X) 2 a}.

Lemma 1.2[1].

For every fuzzy set A,

A= |J.A

ael0,1]
standard fuzzy union.

, where ,A=a“A and U denotes the

III. CENTROIDS OF FUZZY NUMBERS

Most of the methods for ranking fuzzy numbers depend
on the centroids of fuzzy numbers. Therefore, we discuss
the centroid of a fuzzy number in this section. We first
introduce the centroid formula proposed by Wang [8]. This
formula is adopted by most of the researchers. Then, we
discuss an improved formula that proposed by Shieh [6].

centroid

X8  L<x<h Finally, the methods of a triangular fuzzy number and a
b—a’ trapezoidal fuzzy number are obtained.
I, b<x<c Wang [8] suggested a pair of
M (x) = d-x  cs<x<d formula (XO’ y, | for a fuzzy number A by

d-c

0, otherwise

]
N t /\
o 1 \\ i M%“x
//‘// : h\'\ / E M\\
: \% H N“‘w
7 : N\ :
—c —h —a a b ¢
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_ T x- d
oy A 00

[ ay(0dx

_ '[:x~ﬂk(x)dx+'[:x~a)~dx+J‘cdx~,u§(x)dx @)

J‘:,uk (x)dx + J: w- dx + f AR (x)dx

[y @ @ -wh ™ (dy
[ @ - wh (ydy

where (f, is defined as (1) with luk and ,UAR are

two strictly monotonic and continuous functions.
Shieh [6] extended Wang’s formulae to a more
general case defined by

_ jix L (x)dx
="
[ uadx

¥ Lw‘“/\‘da (5)

e — s

o 2 o
J, | Nder

Yo(&) = 3)

“)

where ‘aA‘ is the length of the @ -cut

“A, O<a<l

To all intents and purposes Shieh’s centroid formulae
are the same with Wang’s formulae. But they don’t need
membership function invertible. It is more nature and
simple way to determine the centroid point of fuzzy
number. Most important, it is available in any cases.

Lemma 3.1.

It (/IAR )71 and (,Uk )71 exist then formula (3) and (5) are
the same.

Proof.
Note that

W) y)= Sup{x‘u,‘f(x) = y} and
WH () =infur 0=y}

Since 4 (%) s decreasing, (y®)"'(y)= Sup{x|xe yA}.

Similarly, since ,uk(x) is increasing
(ub) (y) = inf {dxe” A}

By definition
A=z ab=| whr @ () (@] which

is a closed interval, forall O< g <1.

“A‘ = (,uf )71(0() - (,uk )71(0() and formula
(3) coincides with formula (5).

Therefore,

Remark 3.1.

If A is a triangular fuzzy number denoted as (a, b, ¢),
then “A:[a+(b—a)~0{ ,c—(c—b)~0{}
(see Fig.3.1),

and ‘ ”A‘ =(c-a)+(a—c)a.

1
___________ y=
a b C
a+(b—a)a c—a(c—b)
Fig.3.1

Thus,

J;|“Ala

=J.01[(c—a)+(a—c)0!}10!

1 2
=(c—a)a+5(a—c)0! 0
=(c—a)+%~(a—c)

- (c-a)
:J‘i) A(x)dx .
Remark 3.2.

If A is a trapezoidal fuzzy number denoted as (a, b, c,
d), then

a b c d
a4+ (b—a)a d-—(d-—cla

Fig.3.2
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“A:[a+(b—a)~0{ ,d—(d—c)~0{} (see _ rx~,uA(x)dx 1
X, :"17:—@+b+c)~
Fig.3.2), L U (x)dx
and ‘”’A‘:(d—a)+(c—d—b+a)~0{.
Il ‘ ”’A‘da Since
0
”’Az[a+(b—a)~0{, c—(c—b)ﬂl} ,

‘”’A‘ =(c-a)+(a-c)

:I;[(d—a)+(c—d—b+a)~a]da

1
Thus, :(d—a)()(+%(c—d—b+a)~0(2 0

Thus,
1 d
:(d—a)+§~(c—d—b+a)~ U A‘~ada
1 2
= —ajo—(c—ajo o
ecurina et
i e— e —Lie— !
= [ Alx)dx. =lyle-aje’ —le-a)y
_Lc-a)
By formulae (4) and (5), we can get the centroids of a 6 ’
triangular and a trapezoidal fuzzy numbers, respectively. and
Lemma 3.2. H “A‘da
IfAisa triangular fuzzy number denoted as (a, b, c),
then X, (A)=~ (a+b+c) and y_O(A):%, _I c-a)-(c-a)afa
1 1
Proot. ~ (- a)r—(c—a)e’|
Notably, 1
[ x- 0, (xkix =5lc-a)
nl x c—x Therefore,
:J.(_de+.|.b( dex B I“|A|d05
1 lcx2_lx3c YO() I|A|d0{ -3
a c b|2 3 b L 33
emma 3.3.
l(b +ab+a )——(ab+a )+ 1 (c +bc)—l(c +bc+b ) If A is a trapezoidal fuzzy number denoted as (a, b, c,
3 2 2 3 d), then
1
g( a’+c +be—ab) x,(A)== £a+b+c+d %] and
c+d)-(a+
1
=—(c-a)fa+b+c) , — b
6 yO(A):_ 147>
30 f(c+d)-(a+b))
and Proof.
r ( ) Notably,
M, (x -
- J:wleA(x)dx
b Xx—a [ C—X
= dx + -
a(b—aj L(c—bjdx :J.h[x ] xdx+J. xdx+J. ( ] xdx
| | a\b—a
:E(b+a)—a+c—5(c+b) 3 1 lx3_lax2b +lx C+ 1 ldxz_lx3d
| “b-a|3 2 fa] 27 b d-c|2 37 e

:E(C—a). 1
Thus :g(—az—b2+c2+d2—ab+cd)
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and
IioﬂA(x)
bl X—a c dfd—x
:L[b_a]dx+lex+L[d_c]dx
:%(—a—b+c+d).
Therefore,
_ XU (0d _
XO(A):M:l a+b+c+d_&
f M (0dx (c+d)-(a+b)
Since
”A:[a-i-(b—a)ﬁ( ,c—(c—b)ﬁ{} ,
‘”A‘:(c—a)—i-(a—c)a :
Thus,
[ do
0
= [la-a)r+(c-d-b+a)e e
1 1
:[E(d—a)az—g(c—d—b+a)a3}‘})
=—(—a—-2b+2c+d) ,
= )
and
1
I Ade
= [d—a)+(c-d-b+a)ala
:{(d—a)d—i—%(c—d—b-ﬁ-a)az}‘g
1
=E(c+d—a—d) .
Therefore,
_ “o|”Nda _
yO(A):MZE[HLJ .
L\“A\da 30 (c+d)—(a+h)

IV. RANKING FUZZY NUMBERS

Ranking fuzzy numbers is an important part of
decision-making process. In this section, we discuss
several of methods for ranking fuzzy numbers and point
out their shorting.

4.1 Cheng’s method [2].
Step 1. Find the centroid point (;’ ;) of fuzzy

numbers.
Step 2. Calculate the distance index between the

centroid point (;’ ;) and original point.

ie ., R(A)=(x)+(y)

Step 3. Rank fuzzy numbers,
(if R(A)<R(A;), then A <A,
@if R(A)=R(A)), then A = A,
3)if R(A)>R(A)), then A > A,

This method has some shortcomings. For example, let
A and B be two triangular fuzzy numbers denoted

byA(3.4,5) , B(4.,6.8), respectively (see Fig. 4.1).

w-
N
o
o
-
oo

Fig.4.1

By Lemma 3.2, we have
_ 1 L
A(x,y)= 4, 5) and B (x,y)= (6, %). This implies

that R (A) =4.01 and R(B)=6.01. Thus, R (A) < R (B)
and A<B.

We can logically infer the ranking order of the images
of these fuzzy numbers as — A>-B | However, by
Cheng’s method, the ranking order remains — A<-B,

4.2 Chu and Tsao’s method [4].

Step 1. Find the centroid point (;3;) of fuzzy

numbers.
Step 2. Calculate the area between the centroid point

(;’ ;) and original point.
ie.. S(A)=x-y
Step 3. Rank fuzzy numbers
(OIES(A) <S(A)), then A <A,

OIS(A)=S(A;). then A =A,
3IES(A)>S(A) then A > A,

This method can overcome Cheng’s method, but still
has some shortcomings. For example, let A (3.7, 3.8, 4, 4)
and B(4, 5, 6) (see Fig.4.2).
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A
A B
1
3.5 4 4.5 5 5.5 6 iy
Fig.4.2
By Lemmas 2.2. and 2.3., we have Clearly
_ _ 1 ’
A =(3.873,0.467) and B =5, —). — — 1 1 3
(%N~ Jand Blx, y)=6. ) A(x,y):(S, —], H(A):[5+§+§j~4:28,and
This implies that 3

S(A)=1.81 and S(B)=1.67. Thus, S(A)> S(B) and A> B .
It is not reasonable. Chu and Tsao’s problem is that the

degree of importance of )_( and ; is the same for

ranking fuzzy numbers. However, they should have
different degree of importance on a fuzzy number.
4.3 Xu and Wei’s method [12].

Step 1. Find the centroid point (x, y) of fuzzy

numbers.

Step 2. Calculate A, = {(ﬂk)l (A wH™ (ﬂ)}

Step3.Calculate
H(A) = sign(x) - (x+ afy|+ afx 5| (k)" (2for

where Sign(~) is a symbolic function with sign(x)=1

as x>0 and sign(x)=-1 as x<0.

Step 4. Rank fuzzy numbers, if H(A) < H(B), then
A<B.

In some situations, this method has some defects. For
example, let A(3, 5, 7) and B(4, 5, 6) (see Fig. 4.3).

B(;,;):[s, gj nE)=(s+1+3) 2=31s

This implies that H(A) < H(B) and A<B.

On the other hand, let A(-2, 0, 2) and B(-1, 0, 1) (see Fig.
4.4).

Clearly,

— — 1
A(x, y)=(0, EJ H(A):(0+§+Oj~1:0.33
,and

— = 1 1 1
B(x,y)—(o, Sj H(B)_(0+§+Oj3_0.167_
This implies that H(A)>H(B) and A>B.

This result contradicts with the above.

4.4 Wang , Li and Liu’s method [10].
Step 1. Calculate the left deviation degree SiL of
i=L2,...n , where

fuzzy  numbers Ai R

1
SiL — L gkl (y)dy and gki is the inverse function of

L
Ha, (x).
Step 2. Calculate the priority weight ¢,
)
1
3 4 6 7 2 -1 1 2
Fig.4.3 Fig.4.4
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S.L

i=l

Step 3. Find the centroid point X ¥) of fuzzy

numbers.
Step4. Get the dominance matrix

d, d, .. d, =
d, d, .. d =, if i#]
D=| * 2 | where d; =1%;
oo i i
d, d, .. d J

Step 5. Calculate the ranking index Ri

Ri:/’t~zn:di~dij+(l—

j=l

/1); , where

Ae |:0.5, 1:| , generally, 4=0.5.
Step 6. Rank fuzzy numbers,
if R <R, then A <A,
if R, =R, then A =A,.

The process is complicated and time-consuming. For
example, let A1(3,5,7), A2(1,2,5), A3(3.4,7, 9 and
A4(4, 9, 10) (see Fig.4.5).

Step 1. The left deviation degree

- — 1

Step 3. The centroid point (Xl, y1]:(5, —] ,
— — 8 1 — — 4
X,, ==, = |, |x, =|5.78, —
P 23 1

an R =|—, =
45 Ya 3’ 3
Step 4. The dominance matrix

1 188 087 0.65
053 1 046 0.35
1.16 217 1 0.75
1.53 288 133 1

Step5. The ranking index (/1 = 0'5)

R = %x0.26><(l +1.88+0.87 +0.65)+ %x% =0.739

R, = %xO.le(O.53 +1+0.46 + 0.35)+%><§ =0.284

R, = %x 0.23x(1.16 +2.17 +1+ 0.75)+%>< 0.44 = 0.804

R, :%x0.42x(l.53+2.88+1.33+ 1)+%x% =1.582

This implies that R4 > R3 > R1 > R2 and

I L § _ L A>A>A>A.
S =] gk (»dy=4 S;=15 S;=35 )
S; =65
Step 2. The priority weight V. REVISED RANKING METHOD
SL There are many researches about ranking fuzzy
a;, = SL 155 numbers based on centroid point. Almost each of them
ZSL Z - tried to use formulae to do this job. But because of the
reasons they considered have different degree of
4 importance. So, in some special conditions, the
@ = G5 =026 a,=010 @,=023 consequences don’t make sense.
and @ =042
0
0 2 4 8 10

Fig.4.5
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?:
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fi \‘\ :\\
/
/ AN oA
!f \\ ! \\
/ . A -
Cmin 3 bi
Fig.5.1
-B -A A B
"'3/\\ //\ ! /\ o
ys \_ / \ ,! \ .
re ’ ) / \\/
g “ . / N, .
‘s "s 4 2 a 2 4 6 8
Fig.5.2
In this section, a new ranking method for trapezoidal Wi X, = X
o X, =X, d
fuzzy numbers is presented as follows. (i1 A A Va =Vy then A, <A
J

Let A :(ai b, ¢ ’dij be trapezoidal fuzzy

numbers, and Xi s the horizontal ordinate of it’s centroid
point. By Lemma 3.3., we have

.d, —ab,
iZ:%[ai+bi+ci+di— G5 T

(ci+di)—(ai+bi)]'

be a point where the greatest membership

»

Let Vi
) v, € [bi, ci} )
function grade happened. Clearly, . Without
b, +c,
5 .

Let S ; be the remainder area of Ai Jle.,

loss of generality, let v, =

S

; (bi —a_ . ) 1- J‘éiﬂk (x)dx , where

a

m.

. =min{a,,a,,...,a | (seeFig.5.).
We rank Ai and Aj based on their x_1 value. In
the case that they are equal, we further compare their

Va value, and then S A value to form their ranks.
Here is the algorithm of this method:

Step 1. Calculate the ranking index C (A;) for
Ai’ WhereCp(Ai): [xi: Vi: Sl]
Step 2. Rank fuzzy numbers

M if x, <x, then A <A

(i) if x,

A = Xy , then A. < Aj asVp, <VAj.

B s, <8,

Otherwise, Ai = Aj as SAi = SA, .

J

Some examples that compared with previous methods
are as follows.

Example 1 (compared with Cheng’s method).
Let A(3, 4, 5), B(4, 6, 8) , —A(-5, -4, -3) and -B (-8,
-6, -4) (see Fig.5.2).

(1) Cheng’s method: Compute R(A)=+/(x)? +(y)? -

get R(A)=4.01=R(-A) .
R(B)=6.01=R(~ B).It implies that B=-B > A=-A_1It
is unreasonable.

we

(2) The proposed method:

A - B can be represented by A(3, 4,4, 5), B4, 6, 6,
8), -A(-5, -4, -4,-3), -B(-8, -6, -0, -4).
First, we calculate the ranking index and get

CP(A):(4, 4, 2—5} cp(—A)=£—4, -4, éj,

CP(B)=(6, 6, 13} and Cp(_B):£_6’ 6’2;]

By algorithm, it implies that B> A>—-A>—-B .1t
coincides with intuition.
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Example 2 (compared with Chu and Tsao’s method).

45
Fig.5.3

3.5 4

Let A(3.7, 3.8, 4, 4) and B(4, 5, 5, 6) (see Fig.5.3).

(1) Chu and Tsao’s method: Compute S(A) = ; . ; .
We get S(A)=1.81, S(B)=1.67. It implies that S(Ay> S(B)
and A > B .Itis unreasonable.

(2) The proposed method:
We have the ranking index Cp (A) = (3.87, 3.9, 0.05)

and Cp(B): (5, 5, 0.8). It implies that B > A .

Example 3 (compared with Xu and Wei’s method).

Fig.5.4

Let A(-2, 0,0, 2),
5, 6) (see Fig.5.4).

B(-1,0,0,1), C(3,5,5,7)and D(4, 5,

(1) Xuand Wei’s method: compute H(A) . We get

e

o
o
&)

55

H(4) = sign(x)- (4 + afy| + afx 3|

H(A):(0+%+Oj~1:0.33,

()" (1)

H(B):(0+l+0j~l:0.167,
3 2

H(C):(5+l+§j~4:28 and
3 3

H(D):[5+l+éj~2:3l.5-
3.3)2

It implies that B < A < C < D . It is unreasonable.

(2) The proposed method:
We have the ranking index C (A) = (0, 0,1 ),

C,(B)=(0.0,1.5), C,(C)=(55,6) and
C,(D)=(5, 5. 6.5).Itimplies that A< B<C < D.

Example 4 (compared with Wang , Li and Liu’s method).

LetAi(3,5,57), Ax1,2,2,5), A3, 4,7,9) and
A4(4, 9, 9, 10) (see Fig.5.5).

Fig.5.5
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(1) Wang , Li and Liu’s method: compute

R=4>d d+(1-2)y,.
j=1
We get R =0739, R, =0284, R, =0.804
and R, =1.582.

It implies that R4 > R3 > R1 > R2 and
A>A>A>A.
(2) The proposed method:
We have the ranking index C, (A1 ) = [5’ 5, 3] ,

Cp(Az):(2.67, 2, o.sj,CP(A3)=[5.78, 5.5, 2.5]
and CP(A4):[7.67, 9, 5,5j.Itimplies

that A, > A; > A > A,.

The outcome of ranking is the same with Wang, but our
proposed method is easier and faster.

VI. CONCLUSION

Having reviewed the previous researches, we find that
almost each of them try to use a formula to rank the fuzzy
numbers. But they usually can not rank fuzzy numbers with
human intuition consistently in all cases.

In this paper, a new method is proposed. It has two
advantages in comparing it with the previous methods. The
first one is that this new method is more consistent with
our intuitions. The second is that the new method is easier
and more efficient then others.

It uses three indices to differentiate between fuzzy
numbers. The representation location of fuzzy number A is
a top priority. The place that the largest membership
function grade happened is the second priority. And then is

S » which means the remainder area is the last.

We can use these indices to rank fuzzy numbers validly.

But this method remains to be further improved. Because it
just can deal with normal fuzzy numbers at present.

When largest membership function grade is smaller
than 1, it needs to consider the important degree of
y-coordinate of the centroid that usually depend on the
situation. Of course, it is more complicated but it can be
the goal to striving for.
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